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Today’s topics:

• Survival analysis

• Examples of survival analysis datasets 

• Basic concepts in survival analysis: survival function, hazard rate,

censoring

• Kaplan-Meier estimator of the survival function

• Log-rank test



Example 1:  
Northern California Oncology Group (NCOG) study
• Two treatments for head and neck cancer:

Arm A: Chemotherapy; Arm B: Chemotherapy + Radiation
• Data: censored survival time in days

‘+’ indicate patients still alive on their final day of observation



Example 1:  
Northern California Oncology Group (NCOG) study

• Two treatments for head and neck cancer:
Arm A: Chemotherapy; Arm B: Chemotherapy + Radiation

• Data: censored survival time in days
+ indicate patients still alive on their final day of observation

Main questions:
• Is the Arm B more effective treatment than Arm A?
• Instead of just compare the mean survival time, we would like to know

more information about the survival time distribution (the survival
curve)

• How to deal with “lost to follow-up” (censoring)?



Example 2:  duration of nursing home stay

• Goal: assess the effects of different  financial incentives on length of
• stay. 
• Treated nursing homes received higher per diems for Medicaid patients, and bonuses for 

improving a patient's health and sending them home.
• Study included 1601 patients admitted between May 1, 1981 and April 30, 1982.

Measured variables: 
• LOS - Length of stay of a resident (in days)
• AGE - Age of a resident
• RX - Nursing home assignment (1:bonuses, 0:no bonuses)
• gender, age, married or not, heath status   
• CENSOR - Censoring indicator (1:censored, 0:discharged)

Goal: treatment effect on stay length after adjusting for other covariates and censoring?



Basic concepts



Basic concepts

• The survive function and hazard rate provide more information than 𝐸(𝑇).

• An important fact is that knowing one of the three functions of 𝐻(𝑡), ℎ(𝑡) 
and 𝑆(𝑡) will enable inferring the other two functions.

• For discrete 𝑇:

• For continuous 𝑇:



Concept of censoring
Censoring
• We may not be able to observe every 𝑇! where 𝑖 is an individual.

• Censoring can occur when
• the study ends, some individual have not had the event yet (still alive) 
• Some individuals dropout or get lost in the middle of the study.

• Typically, individuals do not enter the study at the same time
• Not a concern as 𝑇! is the length of duration
• can adjust for starting time by add it as a covariate



Concept of censoring



Estimating the survival function

• We consider the scenario with no observed covariates 𝑋𝑖 and the survival time 𝑇𝑖 are 
i.i.d.

• A non-parametric way with no censoring

• This does not work if there are censored data
• Example: 

survival times: 1, 1, 2, 2+, 3+, 4, 4, 5, 5, 8, 8, 8, 8, 11, 11, 12, 12, 15, 17, 22, 23
We don't know how to estimate 𝑆(3) from the empirical cdf approach



Kaplan-Meier estimator
• Assume we have discrete time points
• Make use of the equation:

• How to estimate a hazard rate ℎ!? For time bin 𝑖, assume
• 𝑟𝑖 samples that are still alive at the beginning of this time bin 
• 𝑑𝑖 death during this time bin
• 𝑐𝑖 drop-outs at the end of this time bin
• No drop-outs during thins time bin

• Kaplan-Meier estimator



Kaplan-Meier estimator
• For continuous 𝑇, we can discretize time into bins and make the bin size smaller and 

smaller

• The Kaplan-Meier estimator in the limiting case becomes

• The above formula also works for discrete time points



Variance of !𝑆(𝑡)
• The estimates 0ℎ#, ⋯ , 0ℎ$  are not independent: 𝑟%&# = 𝑟% − 𝑑% − 𝑐%, 

• Though the estimates 0ℎ#, ⋯ , 0ℎ$  are not independent, we always have
𝐸 0ℎ! − ℎ! 0ℎ#, ⋯ , 0ℎ!'# = 0 

• The partial sums form a martingale
• 0ℎ#, ⋯ , 0ℎ$  are pairwise uncorrelated



Variance of !𝑆(𝑡)
• When calculating the variance, we can treat 0ℎ1, ⋯ , 0ℎ𝐾 as “independent” and K as fixed.

• Under some conditions, we can also have CLT of log	 %𝑆 𝑡  



Comparison between two survival survival curves

• In the NCOG data, we may want to know if the whole survival curve of 
Arm B is significantly larger than the whole curve of Arm A.

• Here, we consider testing for the simple null hypothesis

This tests if the two curves are exactly the same



The Cochran-Mantel-Haenszel log-rank test

• Assume we have discrete time points

• For each discrete survival time 𝑖, 
• We observe 𝑟𝑖1 and 𝑟𝑖2 samples that are still alive at the beginning of this time 

bin for each group respectively 
• Observe 𝑑𝑖1 and 𝑑𝑖2 death during this time bin for two groups respectively. 
• Assume that drop-outs happen at the end of each time bin. (so we don’t need to 

consider it)



The Cochran-Mantel-Haenszel log-rank test

• Compare 𝑋𝐶𝑀𝐻2  with a 𝜒12 distribution to get p-value



The Cochran-Mantel-Haenszel log-rank test



Some remarks



Data example

• Check Example10 R notebook


